
∫ √𝟏 + 𝐱𝟐𝒅𝒙 

Yue Kwok Choy 

Our aim is to prove 𝐼 = ∫ √1 + x2  dx =
1

2
[x√1 + x2 + ln|x + √1 + x2|] + C  using different methods. 

 

Method 1 (Trigonometric substitution) 

 

Let x = tan 𝜃 , x = sec2 𝜃 𝑑𝜃,  √1 + x2 = √1 + tan2 𝜃 = sec 𝜃 

 ∫ √1 + x2  dx = ∫ sec 𝜃 (sec2 𝜃 𝑑𝜃) = ∫ sec3 𝜃 𝑑𝜃 

 

We therefore like to evaluate 𝐼 = ∫ sec3 𝜃 𝑑𝜃. 

 

 Using integration by parts,  

 𝐼 = ∫ sec3 𝜃 𝑑𝜃 = ∫ sec 𝜃 𝑑(tan 𝜃) = tan 𝜃 sec 𝜃 − ∫ tan 𝜃 𝑑(sec 𝜃) 

  = tan 𝜃 sec 𝜃 − ∫ tan 𝜃 (sec 𝜃 tan 𝜃)𝑑𝜃 = tan 𝜃 sec 𝜃 − ∫ sec 𝜃tan2 𝜃 𝑑𝜃 

  = tan 𝜃 sec 𝜃 − ∫ sec 𝜃 (sec2 𝜃 − 1) 𝑑𝜃 

  = tan 𝜃 sec 𝜃 − ∫ sec3 𝜃 𝑑𝜃 + ∫ sec 𝜃 𝑑𝜃 

 2𝐼 = tan 𝜃 sec 𝜃 + ∫ sec 𝜃 𝑑𝜃 = tan 𝜃 sec 𝜃 + ∫
sec 𝜃(sec 𝜃+tan 𝜃)

sec 𝜃+tan 𝜃
𝑑𝜃 

  = tan 𝜃 sec 𝜃 + ∫
sec 𝜃 tan 𝜃 +sec2 𝜃

sec 𝜃+tan 𝜃
𝑑𝜃 = tan 𝜃 sec 𝜃 + ∫

𝑑(sec 𝜃+tan 𝜃)

sec 𝜃+tan 𝜃
 

  ∴ 𝐼 =
1

2
[tan 𝜃 sec 𝜃 + 𝑙𝑛|sec 𝜃 + tan 𝜃|] + 𝐶 =

1

2
[x√1 + x2 + ln|x + √1 + x2|] + C 

  ∴ ∫ √1 + x2  dx =
1

2
[x√1 + x2 + ln|x + √1 + x2|] + C 

 

Method 2  (Using two variables) 

 

Let  y2 = 1 + x2 ⟹ ydy = xdx 

 

Consider   I = ∫ √1 + x2  dx = ∫ ydx = xy − ∫ xdy 

 

Hence  I =
1

2
[xy + ∫(ydx − xdy)] =

1

2
[xy + ∫

(x+y)(ydx−xdy)

x+y
] =

1

2
[xy + ∫

xydx+y2dx−x2dy−xydy

x+y
] 

 =
1

2
[xy + ∫

y(ydy)+y2dx−x2dy−x(xdx)

x+y
] =

1

2
[xy + ∫

y(ydy)+y2dx−x2dy−x(xdx)

x+y
] 

 =
1

2
[xy + ∫

(y2−x2)dx+(y2−x2)dy

x+y
] =

1

2
[xy + ∫

d(x+y)

x+y
] =

1

2
[xy + ln|x + y|] + C 

 =
1

2
[x√1 + x2 + ln|x + √1 + x2|] + C 

 



 

Method 3   (Hyperbolic substitution) 

 Put  x = sinh θ ⟹ dx = cosh θ dθ 

 √1 + x2 = √1 + sinh2 θ = cosh θ 

  𝐼 = ∫ √1 + x2  dx = ∫ cosh θ (cosh θ dθ) = ∫ cosh2 θ dθ 

  =
1

2
∫(1 + cosh 2θ) dθ =

1

2
[θ +

sinh 2θ

2
] =

1

2
[θ +

2sinh θ cosh 𝜃

2
] =

1

2
[sinh θ√1 + sinh2 θ + θ] 

  =
1

2
[x√1 + x2 + sinh−1 x] + C 

Proof:  sinh−1 x = ln|x + √1 + x2| 

 By definition of x = sinh θ =
𝑒θ−𝑒−θ

2
=

1

𝑒θ (𝑒2𝜃 − 1) 

  𝑒2𝜃 − 𝑥𝑒θ − 1 = 0 

 By quadratic equation formula,  𝑒θ = x + √1 + x2 , taking the positive root. 

θ = sinh−1 x = ln |x + √1 + x2| 

 

Method 4  (Variant of hyperbolic substitution) 

 

 I = ∫ √1 + x2  dx 

 Let  x =
1

2
(𝑡 −

1

𝑡
) ⟹ 𝑑x =

1

2
(1 +

1

𝑡2) 𝑑𝑡 

 Also, 1 + x2 =
1

4
(𝑡2 + 2 +

1

𝑡2) ⟹ √1 + x2 =
1

2
(𝑡 +

1

𝑡
) 

 ∴ I = ∫
1

2
(𝑡 +

1

𝑡
) [

1

2
(1 +

1

𝑡2) 𝑑𝑡] =
1

4
∫ [𝑡 +

1

𝑡3 +
2

𝑡
] 𝑑𝑡 =

1

4
[𝑡2 −

1

𝑡2 + 2𝑙𝑛|𝑡|] 

  = [
1

2
(𝑡 −

1

𝑡
)] [

1

2
(𝑡 +

1

𝑡
)] +

1

2
𝑙𝑛|𝑡| 

 Note that x + √1 + x2 =
1

2
(𝑡 −

1

𝑡
) +

1

2
(𝑡 +

1

𝑡
) = 𝑡 

 ∴ I =
1

2
[x√1 + x2 + ln|x + √1 + x2|] + C 

 

Method 5  

 Can we use the integration by parts at the very beginning? 

 𝐼 = ∫ √1 + x2 𝑑𝑥 

 Let  𝑢 = √1 + x2, 𝑑𝑢 =
𝑥

√1+x2
𝑑𝑥 

  𝑑𝑣 = 𝑑𝑥, 𝑣 = 𝑥 

 𝐼 = ∫ √1 + x2 𝑑𝑥 = 𝑢𝑣 − ∫ 𝑣𝑑𝑢 = x√1 + x2 − ∫ 𝑥 (
𝑥

√1+x2
𝑑𝑥) = x√1 + x2 − ∫

x2

√1+x2
𝑑𝑥 

  = x√1 + x2 − ∫
(1+x2)−1

√1+x2
𝑑𝑥 = x√1 + x2 − (∫ √1 + x2 𝑑𝑥 − ∫

1

√1+x2
𝑑𝑥) 



  = x√1 + x2 − 𝐼 + ∫
1

√1+x2
𝑑𝑥 

 2𝐼 = x√1 + x2 + ∫
1

√1+x2
𝑑𝑥 ⟹ 𝐼 =

1

2
(x√1 + x2 + ∫

1

√1+x2
𝑑𝑥) 

 It leaves to prove 𝐽 = ∫
1

√1+x2
𝑑𝑥 = ln|x + √1 + x2| + 𝐶 

 There are various ways, such as using trigonometric or hyperbolic substitutions. 

 Let  y2 = 1 + x2 

 ∴ ydy = xdx ⟹
𝑑𝑥

𝑦
=

𝑑𝑦

𝑥
⟹

𝑑𝑥

𝑦
=

𝑑𝑦

𝑥
=

𝑑𝑥+𝑑𝑦

𝑦+𝑥
=

d(x+y)

x+y
 (using Compoendo in proportion) 

 ∴ 𝐽 = ∫
1

√1+x2
𝑑𝑥 = ∫

𝑑𝑥

𝑦
= ∫

d(x+y)

x+y
= 𝑙𝑛|x + 𝑦| + 𝐶 = ln|x + √1 + x2| + 𝐶 

 

Method 6  Euler substitution 

 

Those who are unfamiliar with Euler substitution can search in the internet. 

 

(i) 𝐼 = ∫ √1 + x2  dx 

 Let  √1 + x2 = 𝑥 + t ⟹ 1 + x2 = x2 + 2xt + t2 ⟹ x =
1−t2

2𝑡
 

 √1 + x2 =
1−t2

2𝑡
+ 𝑡 =

t2+1

2𝑡
 

 𝑑x = −
t2+1

2t2 𝑑𝑡 

 𝐼 = ∫
t2+1

2𝑡
 (−

t2+1

2t2 𝑑𝑡) = −
1

4
∫

t4+2t2+1

t3 𝑑𝑡 = −
1

4
∫ (𝑡 +

1

t3 +
2

𝑡
) 𝑑𝑡 

  = −
1

4
[

t2

2
−

1

2t2 + 2𝑙𝑛|𝑡|] = −
1

4
[

t4−1

2t2 + 2𝑙𝑛|𝑡|] = −
1

4
[

(t2−1)(t2+1)

2t2 + 2𝑙𝑛|𝑡|] 

  =
1

2
[(

1−t2

2𝑡
) (

t2+1

2𝑡
) + 𝑙𝑛|𝑡|] =

1

2
[x√1 + x2 + ln|x + √1 + x2|] + C 

 

(ii) If you study more closely, Method 4 is exactly the same as the Euler substitution: 

  √1 + x2 = −𝑥 + t . Try yourselves. 

 

Exercise 

 Prove that  ∫ √1 − x2  dx =
1

2
[x√1 + x2 + sin−1 𝑥] + C 

 


