f v1+x2dx
Yue Kwok Choy

Our aim is to prove | = [V1+x% dx = %[xx/l +x2+1In|x+V1+x%|] + C using different methods.

Method 1(Trigonometric substitution)

Let x=tanf , x=sec?8df, Vv1+x?=+v1+tan20 =sech
[V1+x2 dx = [sect (sec?0df) = [sec®>6db

We therefore like to evaluate I = [ sec3 8 d#.

Using integration by parts,

I=[sec26do = [secOd(tanf) = tan O secd — [ tan 6 d(secH)
= tan O secH — [ tan 6 (secd tan §)dO = tan 6 sec O — [ secHtan? O db
= tan O sect — [ sec (sec’* 6 — 1) do
=tanfsech — [sec®0do + [ sec6d db

secO(secH+tan )

2] =tanfsecH + [sec6dO =tanBOsecH + [ de
secf+tan 6
_ secOtan O +sec? @ _ d(secO+tan9)
=tan@sect + [—————df =tanfsect + [ ————=

o =%[tan95ec9 + In|sec® + tan 6]] + C =%[XV1+X2 +1In|x+V1+x2|]+C

s fVTHxZ dx = 2 [xVT+ 2 +Infx + VI +x2[] + C

Method 2 (Using two variables)
Let y?=1+x? = ydy = xdx

Consider 1= [vV1+4x? dx= [ydx =xy— [xdy

1 (x+y)(ydx—xdy) xydx+y?dx—x?dy—xydy
Hence I=_[xy+ [(ydx — xdy)] = [X + ff] = [ + [ oy ]

fy(ydy)+y2dx —x2dy- X(XdX)] _ %[Xy n fy(ydy)+y2dx—x2dy—x(xdx)

1
=- [x +
2 X+y X+y

[Xy n f(y —Xz)dziiyz—xz)dy] _ % [Xy + d(x+y)] _

NIH

% xy + In|x + y|] +

=%[Xm+ln|x+m|]+c



Method 3 (Hyperbolic substitution)
Put x =sinh® = dx = cosh6df
V1 +x% =1+ sinh?20 = cosh®
I =[+v1+x% dx= [cosh® (cosh®dd) = [ cosh?6do

= %f(l + cosh 20) d6 = %[6 + Sinhze] = %[9 +M} = %[sinhG\/l + sinh2 0 + 0]

2

=%[xv1 + x2 +sinh‘1x] +C

Proof: sinh™!x = In|x + V1 + x?|

o_
By definition of x = sinh 8 == Ze = eie (e?? —1)

e20 —xe®—1=0

By quadratic equation formula, e® = x + V1 + x2? , taking the positive root.

9=sinh_1X=lnlx+\/1+X2|

Method 4 (Variant of hyperbolic substitution)

I=[V1+x2dx
el e
i 14210 +2+ ) = VTR (4

Note that X+\/1+X2=%(t—l)+l(t+l)=t

t 2 t

s 1= [xVT+x% +Infx + VI +x2|] +C

Method 5
Can we use the integration by parts at the very beginning?
I=[V1+x%dx
Let u=+V1+x2 du=——dx

V1+x2

dv =dx,v=x

1=f\/l‘l‘Xde=uv—fvdu=x\/1+x2_fx( j_xzdx):Xm—f lxszdx

2)—
=TT - [ty

x=xv1+x2—(f\/1+x2dx—fﬁdx)



— 2 _1
=xV1+x* -1+ [=dx

2l =xV1+x%+ [ dx=>1=%(xx/1+x2+f

1 1 d )
V1+x2 V1+x2 x

It leaves to prove | = fﬁdx =In|x+V1+x2|+C

There are various ways, such as using trigonometric or hyperbolic substitutions.
Let y?=1+x?

dx dy dx dy dx+dy d(x+y) . . .
cydy =xdx > —=—=> =~ =—== = —— (using Compoendo in proportion
ydy S =% Ty —x = yix — xiy (usingComp prop )

—fd(X+Y) Inlx+y|+C=In|x+V1+x2|+C

1
.'.] = fﬁd_x =
Method 6 Euler substitution

Those who are unfamiliar with Euler substitution can search in the internet.

) I=[V1+x%dx

Let Vi+x2=x+t=1+x2=x2+2xt+t2=x=21

—t2
2t

VitZ =10 =E
2t

2t

t2+1
2t2

dx = — dt

1= (-tar) = 1ft4+2t2+1dt———f(t+ti3+§)dt

2t2

= —:[5 -+ 2] = -3

412 2t2

S [EDE)  dinge]

2t2

- %[(1‘_t2) (t2+1) +In Itl] = [T+ X +Infx + VI +x2[] + C

2t

(ii) If you study more closely, Method 4 is exactly the same as the Euler substitution:
V14 x2 = —x+t . Try yourselves.

Exercise

Prove that [+Vv1—x2 dx = %[xx/l +x2+sin"tx]+C



